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This paper is concerned with properties of the spectrum and resolvent 
of Schroedinger operators - d + q(x) in 3-dimensional Euclidean space. 
It is assumed that p is locally square integrable and O(i x I-‘-‘) as 
1 x 1 -+ co (e > 0). 
1. INTRODUCTION 
In this paper we present several facts about the Schroedinger operator 
- d + q(x) where A denotes the 3-dimensional Laplacian and 4 is a real- 
valued potential function defined in 3-dimensional Euclidean space and 
satisfying the following assumption: 
(A) Q is measurable and square integrable on every compact subset of 
E = E3 and there exist positive constants R,, , C,, , and E such that 
j q(x) I < Co I x I-1--r for all 1 x I 3 R, . 
I f  we assume that - d + p( x is defined on a suitable domain say all ) 
functions of the form P(X) e- 13c12/2 where P is a polynomial in x1 , x2 , and x3 
then according to a result by T. Kato [l] assumption (A) is more than suffi- 
cient to insure that - A + q(x) has a unique self-adjoint extension H on 
L2(E). I f  we denote by Ho the corresponding extension for the case q(x) = 0 
then Kato’s result further states that D(H,,) = D(H) where D(T) denote the 
domain of T and that II Vf 11 < a 1) H,,f 11 + b llf /I for all f E D(H,), where 
a and b are positive constants and a can be chosen as small as we wish. Here 
V~(X) = q(x)f(x) for x E E. Under assumption (A) it was shown by 
M. N. Hack [2] that the wave operators 
Wk = Jilim eitHemitHO 
exist, the limit being taken in the strong sense. 
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In Section 2 we study the resolvent of H. There it is shown that (H - X)-l 
for Im h > 0 is an integral operator of the Carleman type and that the kernel 
of this operator satisfies a well known integral equation. Using the integral 
equation we show that for each fixed y  E E the kernel as a function of x E E 
is in L1(E) n L2(E) and that the norms of the kernel in these two spaces are 
independent of y. This section is modeled after the first part of a paper on 
the same subject by T. Ikebe [3]. I n S ec ion 3 we use results by S. T. Kuroda t 
and by Green and Lanford to show that in certain cases the absolutely 
continuous part of H is unitarily equivalent to H, . (This is in the second 
remark following Theorem 5.) The paper ends with a discussion about the 
negative spectrum of H under several assumptions on 9. 
2. THE RESOLVENT 
For nonreal X we will write Rn = (H - h)-’ and R,,, = (H,, - A)-l. For 
each such h these resolvent operators are bounded on L2(E) with range 
D(H) = D(H,). It is well known that R,, is an integral operator of the Carle- 
man type with kernel (4~ 1 x - y  I)-’ exp (i di 1 x - y  I). I f  4 ELM then 
it is a simple matter to show that VR,, is an integral operator of Hilbert- 
Schmidt type, however, under the less restrictive assumption (A) this is not 
necessarily true, Nevertheless the following result does hold: 
THEOREM 1. If d/h = a + ib (b > 0) then ( VR,Ja is an integral operator 
of Hilbert-Schmidt type. 
PROOF. It is clear that VR,, is an integral operator with kernel 
pGlZ--2/! 
;$.- d-4 Ix--yI . 
I f  K(x, y) denotes the kernel of ( VR,,,J2 then 
for a.e. (x, y) E E x E. We will show that 
1 K(x, y) I2 dxdy < + 00. 
In the following C will denote a constant which is not necessarily always the 
same. Thus 
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and 
Using the fact that 
s 
and integrating both sides of the above inequality with respect toy shows that 
j 
E 
I K(x, Y) I2 dy d C I ~(4 I2 ( jE G I ~(4 I du)’ 
where now the constant depends upon 6. 
We estimate the integral on the right in two steps. 
J&4 = j ,u,sRo G I d4 i du 
< (j,,, <Rg 1 Q(U) I2 d$‘2 (j,,, SR, ;i2”II”12 du)1’2. 
The integral slu, GR, (e--2blz--ul/l x - u I”) du is bound for all x and O(l x I-“) 
as j x / + co. Thus, since q sL2(l u / < R,), h(x) is bounded and O(/ x 1-l) 
as ~xI-+co. 
Also 
< a constant. 
Jdx) ,< C j 
e-blz-ul 1 
s 
@IS-u1 1 
-du,<C --. 
lul>RoIx--ul Iul 
- du 
EIx-ui IuI 
Since 
s 
e-bl~-~i 1 
~- 
EIx--uI lul d” = 621 x 1 
dk!- (1 - e-blzl) 
we see that J2 is also bounded and O(i x 1-l) as / x I + co. 
jE j, I K(x> Y) I 2 d.dx B C jE I &4 I2 (J&4 + J&4>” dx 
This completes the proof. 
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The next result is Ikebe’s Theorem 1 [3] proved here under assumption (A). 
THEOREM 2. Assume that Im h # 0. 
(i) RA is an integral operator of Carleman type and its kernel G(x, y; h) 
satisfies the integral equation 
eid\/hlw/ I
G(x, y; 4 = 4a I x _ y , 
1 
s 
eid;\lz-zl 
-- -- 4m E , x _ z , qt4 G(z, Y; 4 dz (I) 
as a function of x a.e. for a.e. fixed y. 
(ii) I f  F(x, y; h) is a solution of (I) such that F(x, y; h) EL?(E) for eachfixed 
y then F(x, y; h) is the resolvent of R,, , i.e., F(x, y; h) = G(x, y; A) a.e. on 
E x E. 
PROOF. Since D(H) = D(H,) we know that R, - R,, == - R,VR,, and 
hence that 
R, = 4, - 4, W,, + R,(V&J2. 
Since R, is bounded and since ( VR,J2 is of Hilbert-Schmidt type we conclude 
that R,(VR,J2 is an integral operator of Hilbert-Schmidt type and therefore 
of Carleman type. If  we show that R,,VR,, is of Carleman type it follows that 
R,, is of Carleman type. 
Let K(x, y) denote the kernel of R,,,VR,, . Then 
WGY) =&j E g; q(z) g% dz. 
It will be convenient here and elsewhere to write q(x) = r(x) + s(x) with 
r(x) = q(x) for / x 1 < R, and r(x) = 0 for 1 x 1 > R, . Then s(x) = 0 for 
I x I < R,, and I s(x) I < C, 1 x l-l-+ for ] x 1 > R,, . Also r EP(E) by assump- 
tion (A). Then 
For each fixed y  E E, 
and hence 
e-b I Z--Y I
The integral 
I 
BGlr(a) 
e-b I Z--Y I 
‘lz-yldZ 
409-27 
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is thus the convolution of (e-blz-zl /I x - z I) ELM and a function in L’(E). 
This implies that as a function of x the integral is in L2(E) for each fixed y. 
The other term is easily estimated: 
1, c / +j 1 G dy < C jE& E, & < (,‘,+I%-“1, 
*’ 
and e-ble--yl ELM for each fixed y E E. Together these two estimates show 
that for each fixed y K(., y) E L”(E). S ince K(x, y) = K(y, X) this proves that 
K(x, y) is of Carleman type. 
We next show that the kernel G(x, y; A) for RA satisfies (I). Let f be any 
element of L2(E). Then for a.e. x E E, 
- 
j, G(x, Y; of d. = -& j, Gf(y, dy 
- +; j E G(x, z; 4 q(4 (j, Gf(y j dy) dz. 
For each f ELM, 
s e-b I Z--Y I Eyqq If(Y) I dY E Lwo) = WJ) 
and hence in the domain of V. Thus 
I 44 I j, E I f(r) I dr ELM. 
This along with the fact that G(x, *; A) ELM for a.e. x E E shows that 
IS 
&-YI 
~- 
EE 
I~(~,~;~)IIq(~jllZyilf(y)I~y~~<co 
for a.e. x E E. Thus the order of integration can be interchanged giving 
- & j,f(yj (jEG(x,W(4e~da) 4 
for a.e. x E E. Since f ELM was arbitrary we conclude that 
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a.e. in y  for a.e. fixed X. Using the fact that G(x, y; A) = G(y, X; X) a.e. on 
E x E twice in the above equation shows that G(x, y; h) satisfies (I). 
(ii) Suppose now that for each y  E E, F( a, y; A) ELM and F is a solution 
of (I). Write 
Then 
f(x) = F(x, y; 4 - G(x, Y; 4. 
f(x) = - & j, E q(2)f(z) dz a.e. 
As in Ikebe’s proof [3, Lemma 2.11, the plan is to show thatf E D(H) = D(H,) 
and that Hf = hf. This is then a contradiction unless f(x) = 0 a.e. since H 
is self-adjoint and X is not real. The first step is to show that f is bounded. 
Write 
- - 
f(x) = - & j, s r(z) f(z) dz - & j, G s(z)f(z) dz. 
Since s is bounded sf EL2(E) and the second integral being - R,, sf defines 
a function in D(H,,). Denote this function by g. Then 
- 
f(x) = g(x) - & 1, G r(z) f(z) dz 
where g is bounded and in L2(E). Iteration of this relation shows that 
f(x) = h(x) - 1, A’3)(~, z; x.6) r(z) f(z) dz 
where h E D(H,) and the A(i) are defined as follows: 
eidA-l\iz-l/ 1 
A’O’(% y; 6) = 4n , x _ y  , 
- 
A’*‘(x, y; 2/i) = - & j, G Y(Z) A’*-+, y; 4x) dz. 
The functions Ati) were defined by Ikebe [3, p. 51 with the potential r replaced 
by his potential q. The proof of Ikebe’s Lemma 2.2 shows that with the 
assumptions we have made about r, At3) is bounded. Thus 
where 
Ilf 111 = (j, If@) I2 da)“‘. 
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This proves that f is bounded and that I?(X) = q(x)f(x) is a function in 
L2(E). Hence 
and 
f  = - R,,VfE D(H,) == D(H), 
(Ho - X)f = - (HO - X)R,,vf =:-: - v f  
or Hf = Aj. This implies that f(x) = 0 a.e. showing that 
G(x, y; A) = F(x y; A) 
a.e. on E x E. 
In order to show that (I) has a unique solution in L2(E) for every y  it is 
necessary to consider the operator T = T, where 
for f  E L2(E). 
T, f(x) = - & I,$=; g(z)f(z) dx 
Write T = R + S where the kernels for R and S are respectively 
1 &XlZ-Y I 1 &Z-Y1 
-- ~- r(Y) 
4n Ix--Y1 
and - - ~ s(y). 
4?T Ix-y! 
R is of Hilbert-Schmidt type since Y ELM but S is in general only a 
bounded operator on L2(E) with range in D(H,,). Nevertheless, S2 is a com- 
pact operator. To see this note that the kernel for S2 is given by 
s2(xTY) = (4i)a 
eiK lx-u 1 &h-Y I 
__ S(Y) j, Ix--uI ~(4 Iu--yI du. 
The proof of Theorem 1 shows that this kernel has finite double norm, i.e., 
S2 is an integral operator of Hilbert-Schmidt type. Since R is comapct RS 
and SR are also compact. This plus the fact that S2 is compact shows that 
TB = R2 + RS + SR + S2 is also compact. 
This proves the following result: 
LEMMA 1. TK2 is a compact operator on L2(E) for Im K > 0. 
The next theorem follows immediately from the theory of compact opera- 
tors. 
THEOREM 3. If g E L2(E) then f  = g + T, f  has a unique solution 
f  E L2(E) if and only if T, f  = f  has the uulque solution f  = 0 (Im K > 0). 
Thus, if Im K > 0 and Im ~~ # 0 then ror each fixed y  there exists a 
unique solution H(x, y; K) of the equation 
H(x, y; K) = 4ne;;y ;- - & s, g+ q(x) H(z, y; K) dz. 
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The proof of the last statement follows from the fact, shown in the proof of 
Theorem 2, that T, f = f has only the solution f = 0 for f ELM and 
Im K > 0, Im K2 # 0. By Theorem 2 the unique solution of this equation 
H(x, y; K) is equal a.e. or E x E to the kernel G(x, y; K~) of the resolvent 
RKz = (H - K2)-‘. 
We end this section by proving the following results about the function 
H(x, Y; K). 
THEOREM 4. 11 (H-, y; K) /I2 < C where C depends upon K but is independent 
of y. Also, H(-, y; K) ELI(E) for each Jixed y  with Im K > 0, Im K2 # 0 and 
[I H(-, y; K) Ill < C where C depends upon K but is independent of y. 
PROOF. For Im K > 0, Im K2 # 0 and y  fixed 
(I- T,)H(.,y;~)=~~~~~~ly~. 
Since (I - T&l is bounded with norm independent of y  we have 
II H(*,y; K) II2 2 /I (I - T,)-l II (1, (4;;;zy; ,)2 dx)“’ = II (I - T,)-l II C 
where C depends upon b but is independent ofy (K = a + ib). 
To show that H(*, y; K) EP(E) we iterate the operator. Thus 
ei~ lo--y i 
~~~~~~~~~~~~~~~ -~ (4& s 
B$!+)~~dz 
eiK la--w I 
E , x _ w , 4(w) (j, , Z’“-Y, d4 H(% Yi 4 dz) dw. 
The first term on the right hand side is in Ll(E) with norm independent 
of y. Let K(x, y) denote the second term. Then 
The first of the last two integrals is the convolution of two functions in 
L2(E) and hence is bounded. The second integral is bounded because I s(z) 1 
is bounded. Thus the second term in the expression for H(x, y; K) is in G(E) 
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with norm independent of y. The last term in the expression for H(x, y; K) 
is T,‘H(‘, y; K). 
x 1 H(z, y; K) / dwdzdx 
Write 
,<C sj e-b’v-z’ ! h-4 I , w _ z / , q(z) 1 1 H(z, y; K) 1 dwdz. EE 
44 = I qc4 I j, ,‘w”“:’ , I 44 I dw. 
We have shown in the proof of Theorem 1 that h l L2(E). Hence 
I 1 yk2H(-, y; K) 1 dx < c 11 h II2 1) H(., y; K) II2 < a Constant E 
independent of y. This completes the proof of Theorem 4. 
Theorem 4 shows that with respect to the property of being in 
G(E) f~ L2(E) with norm independent of y  the kernels of the two resolvents 
R, and R,, are alike. 
3 UNITARY EQUIVALENCE AND THE NEGATIW SPECTRUM 
We wish to consider two operators - d + ql(x) and - d + q2(x) where 
qI and q2 satisfy assumption (A). Let HI and Hz denote the unique self- 
adjoint extensions of - d + qI(x) and - d + q2(x) respectively. As an 
application of Theorem 4 and an important result by S. T. Kuroda [4, Theo- 
rem l] we have the following result: 
THEOREM 5. If q2 - q1 E L1(E) then the absolutely continuous part of HI 
is unitarily equivalent to be absolutely continuous part of H, . 
PROOF. We refer to [5] for the definition of the absolutely continuous 
part of a self-adjoint operator. 
Define 
Vif(x) = &WfW for f E D(VJ 
and define 
Vf 64 = M4 - QdX)l f (4 for f E D(V). 
We know from the work of T. Kato [l] that 
D = D(H,) = D(H,) = D(H,) C D( VI) n D( V,) n D(V) 
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and that 
II Vif II < ai II %f II + bi Ilf II 
for f E D were ai and b, are nonnegative constants and a, can be chosen as 
small as we wish. We proceed to show that 
II Vf II G a II %f II + b Ilf II for fED. 
Since 
II Jcf II G II Vlf II + II Vzf II 
II Vf II d (~1 + 4 II Hof II + (4 + &I Ilf II 
for f E D. Also since HI = H,, + V (from [l] or [4]) we have 
II Hof II G %f II + II V,f II d II %f II + a, II %f II + b, Ilf II . 
Taking a, < 1 gives 
II&f II <& II hf II + h Ilf II. 
Hence 
1 
II ?f II <* II~~fll+~~~,+~,+~~~,+~~IlfII 
1 
for f 6 D. By choosing a, and a2 such that u = (a, + a,)/(1 - a,) < 1 we 
get the desired inequality. It now follows from Kuroda’s Theorem 1 that 
HI + V is self-adjoint. However, since HI + V and H, are both extensions 
of - d + Q~(x) and since - d + qs(x) h as a unique self-adjoint extension 
we know that H, = HI + V. I f  we show that I V 11’2(Hl - X)-l is in the 
Schmidt class for some h with Im X > 0 then by Kuroda’s Theorem 1 the 
absolutely continuous parts of Hl and H, are unitarily equivalent. 
The operator I V 11j2 (HI - X)-l is an integral operator with kernel 
f+, Y) = I 44 - &I P2 4(x, y; 4) 
where by Theorem 4 11 H,(x, *; fi) (I2 < C with C independent of x. Hence, 
II I J+GY) I2 dxdr = II qz - 91 III II H&s a; v’% 112 + 03. EE 
This proves that 1 V j1/2 (Hl - X)-l is in the Schmidt class and completes 
the proof of Theorem 5. 
We list two implications of Theorem 5: 
1. I f  we are given a potential ql satisfying (A) then it is possible to find 
another potential q2 satisfying (A) which is also bounded and continuous 
and such that q2 - q1 E Ll(E). Thus, if we are just interested in the absolutely 
continuous part of the extension of an operator - d + q(x) with q satisfying 
(A) we may as well assume that q is bounded and continuous. 
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2. Suppose that pi(~) = q2(1 x 1) and that pi satisfies (A). Then a result 
by Green and Lanford [6] states that the absolutely continuous part of H, 
is unitarily equivalent to H,, . If q2(x) = ql(l x I) + h(x) where h satisfies (A) 
and h ELM then the Green and Lanford result combined with Theorem 5 
implies that the absolutely continuous part of H, is unitarily equivalent to H ,,. 
We do not know if this result is true for an arbitrary potential q2 satisfying (A). 
We end with some remarks about the negative spectrum of an operator H 
which is the unique self-adjoint extension of - A -1 q(x) for some real 
potential q. It will be convenient to introduce in addition to (A) the following 
two conditions: 
(B) qEU(E) nL2(E). 
(C) 4 is locally Hoelder continuous except at a finite number of singu- 
larities, Q E L2(E) and q(x) = 0( 1 x I-2-c) (e > 0) at infinity. 
The uniqueness of the self-adjoint extension of - A + q(x) is covered 
by [l] in cases (A) and (C) and by [5] in case (B). In cases (B) and (C) it has 
been shown by S. T. Kuroda [5] and T. Ikebe [3] respectively that the 
absolutely continuous part of H is unitarily equivalent to H,, . In both case 
(B) and case (C) it is also true that the negative spectrum of H is finite. (In 
all of the cases considered here the negative spectrum is discrete.) For case (C) 
the finiteness of the negative spectrum was proved by M. S. Birman [7]. In 
order to prove the result for case (B) we proceed as follows: 
Let PM = I q(x) I . S ince p E U(E) n L2(E), p E P2(E). Thus 
j,,,,,P I 24 I2 da? G (j,z,>RP3’2q3’2 (I,,,,, I 24 lQq3 
< (I,,,>. P3’2dg3’2 (j, I 24 I6 dxjlis / 
for u E Corn(E). A result by Sobolev states that 
II 21 110 G c (j, I vu I2 dny2. 
Combining inequalities, shows that 
j,,,>,~ 1% 12dx < C (j,.I,,P3'2d~)2'3 j,l Vu ladx. 
Since 
p EL3’2(E), 4% j p3t2dx = 0. 
143 
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This gives Eq. (5) of Birman’s paper [7]. A repetition of Birman’s argument 
proves H has a finite negative spectrum in case (B). 
The situation is different however in case (A). Here it is possible to have 
an infinite negative spectrum and to have the absolutely continuous part of 
H unitarily equivalent to Ho . To see that this is the case consider a potential 
q(x) = at(x), p(x) =p(] x I) < 0 such that Q is bounded and such that p(x) 
p(x) = - 1 x /--l--r, 0 < E < 1 for j x 1 > R, > 0. Then the result of Green 
and Lanford shows that the absolutely continuous part of H is unitarily 
equivalent to Ho. In another paper [8] Birman states that the negative 
spectrum of the extension of the operator 44% = - d + up(x) with p satis- 
fying the above conditions is finite for each 01 > 0 if and only if 
I 
m  
lim r r+oo T P(Y) dr = 0. 
This, however, is not the case here since 0 < E < 1. Hence, for some OL > 0 
the extension of - d + old must have an infinite negative spectrum. 
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